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Abstract: We compute, in the framework of the fluid/gravity correspondence, the trans-
port coefficients of a relativistic fluid affected by chiral and gauge-gravitational anomalies,
including external electromagnetic fields. The computation is performed at first and second
order in the hydrodynamical expansion. We use a 5-dim holographic model with pure gauge
and mixed gauge-gravitational Chern-Simons terms in the action. We reproduce at first
order previous results on the anomaly induced current of a magnetic field and a vortex in
a relativistic fluid, and compute at second order the anomalous and non anomalous trans-
port coefficients by using a Weyl covariant formalism. We find a dissipative and anomalous
correction to the chiral magnetic conductivity due to the time dependence of the magnetic
field. We also find a new contribution from the mixed gauge-gravitational anomaly to the
shear waves dispersion relation. The role played by the chiral and gravitational anomalies
in other transport coefficients is discussed.
Keywords: Gauge-gravity correspondence, Fluid-Gravity correspondence, Anomalies,
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1. Introduction
Standard thermodynamics assumes thermodynamical equilibrium, implying that the in-
tensive parameters (pressure, temperature and chemical potential) are constant along the
volume of the system. Furthermore it is always possible to find a frame in which the total
momentum of the system vanishes. In order to study systems in more interesting regimes
one can allow the thermodynamical parameters to vary in space and time taking the sys-
tem out of equilibrium. However, we assume local thermodynamical equilibrium which
means that the variables vary slowly in space and time. This approximation, also called
hydrodynamical approach, makes sense when the mean free path of the particles is much
shorter than the characteristic size or length of the system lmfp  L [1].
The modern understanding of hydrodynamics is based on the effective field theory
formalism. The hydrodynamical systems should obey the (anomalous) conservation laws
of the spin one currents and the energy-momentum tensor, which are supplemented by
expressions of the current and the energy-momentum tensor in terms of the quantities in
the fluid, the so-called constitutive relations. These relations can be written as
〈Tµν〉 = (+ p)uµuν + pgµν + 〈Tµν〉diss & anom , (1.1)
〈Jµ〉 = nuµ + 〈Jµ〉diss & anom . (1.2)
Here  is the energy density, p the pressure, n the charge density and uµ the local fluid
velocity. In addition to the equilibrium contributions, there are extra terms in the consti-
tutive relations which lead to dissipative and anomalous effects. These terms are usually
computed in the long wavelength approximation, so that they are organized in a derivative
expansion, also called hydrodynamical expansion. Some examples of dissipative coefficients
are the shear viscosity η, bulk viscosity ζ and electric conductivity σ (see e.g. [1–3] and
references therein).
During the past few years a new set of transport coefficients has been discovered
as a consequence of chiral anomalies. The axial anomaly of QED is responsible for two
particularly interesting effects of strong magnetic fields in dense strongly interacting matter.
At large quark chemical potential µ, chirally restored quark matter gives rise to an axial
current parallel to the magnetic field [4–6]
J5 =
eNc
2pi2
µB , (1.3)
which may indeed lead to observable effects in strongly magnetized neutron stars and heavy
ion collisions [7, 8]. This phenomena is known as chiral separation effect (CSE).
In the context of heavy ion collisions it was argued in [9, 10] that the excitation of
topologically non-trivial gluon field configurations in the early non-equilibrium stages of
a heavy ion collision might lead to an imbalance in the number of left- and right-handed
quarks. This situation can be modelled by an axial chemical potential. 1 During the
collision one expects the generation of magnetic fields that momentarily exceed even those
1As soon as thermal equilibrium is reached, this imbalance is frozen and it is modelled by a chiral
chemical potential, at least as long as the electric field is zero.
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found in magnetars. It has been proposed by Kharzeev et al. [9–13] that the analogous
effect, so-called chiral magnetic effect (CME) [14]
J =
e2Nc
2pi2
µ5 B , (1.4)
where J is the electromagnetic current and µ5 the axial chemical potential, could render
observable event-by-event P and CP violations. Indeed, there is recent experimental evi-
dence for the CME in the form of charge separation in heavy ion collisions with respect to
the reaction plane [15, 16], and more recently from LHC data [17] (see however [18, 19]).
For lattice studies of this effect, see for example [20, 21]. In the context of holography the
CME was under an intense discussion to confirm its presence at strong coupling [22–26].
The fluid/gravity correspondence [27] is a very powerful tool to understand the hy-
drodynamic regime of quantum field theories with holographic dual. This technique has
contributed to the understanding of the positivity of the entropy production using tech-
niques of black hole thermodynamics [28–30]. It is also very useful for the computation
of transport coefficients. The application of the fluid/gravity correspondence to theories
including chiral anomalies [31, 32] lead to another surprise: it was found that not only a
magnetic field induces a current but that also a vortex in the fluid leads to an induced
current, the latter is called chiral vortical effect (CVE). 2 Again it is a consequence of the
presence of chiral anomalies. It was later realized that the chiral magnetic and vortical
conductivities are almost completely fixed in the hydrodynamic framework by demanding
the existence of an entropy current with positive definite divergence [34]. That this cri-
terion did not fix completely the anomalous transport coefficients was noted in [35], and
various terms depending on the temperature instead of the chemical potentials were shown
to be allowed as undetermined integration constants. The contributions from pure gauge
anomalies is fixed uniquely by this method and provides therefore a non-renormalization
theorem (see however [36] for a discussion on radiative corrections to the CSE).
Using a Kubo formula for the chiral vortical conductivity in a system of fermions at
the weakly coupled regime, a purely temperature dependent contribution was found. This
contribution was consistent with the integration constants found in [35] and it was shown
to arise if and only if the system of chiral fermions features a mixed gauge-gravitational
anomaly [37]. The gravitational anomaly contribution to the chiral vortical effect was also
established in a strongly coupled AdS/CFT approach and precisely the same result as at
weak coupling was found [38]. Some evidence of this effect has been found recently also
from lattice studies [39].
Some very recent attempts to establish a non-renormalization theorem for anomalous
conductivities lead to the fact that the chiral vortical conductivity indeed renormalizes
due to gluon fluctuations [40, 41]. On the other hand it has been studied in [42, 43] the
ultraviolet cutoff dependence of the anomalous transport coefficients and their holographic
flow.
2A generalization of the model of [31,32] to a Maxwell-Gauss-Bonnet gravity has been done in [33], where
some corrections of the transport coefficients induced by the Gauss-Bonnet coupling have been computed.
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In [44] the authors claim that the gravitational anomaly produces a Casimir momen-
tum in the cone formed by the space-time with imaginary time, which breaks the deriva-
tive counting and it is the responsible that first order transport coefficients being fixed
by the mixed gravitational anomaly. The gravitational anomaly contribution was con-
firmed also in a fluid/gravity context [30], in a weakly coupled gas of Weyl fermions in
arbitrary dimensions [45], and it was found in [46] that the anomalous conductivities can
be obtained directly from the anomaly polynomial substituting the field strength with the
chemical potential and the first Pontryagin density by the negative of the temperature
squared. Recently the anomalous conductivities have also been obtained in effective action
approaches [47–55] and using group theory techniques [56].
Stability and causality issues of the hydrodynamic equations demand the knowledge of
second order hydrodynamics [57–59]. A classification of the terms contributing to this order
was presented in [60]. In this work we compute within the fluid/gravity correspondence
the transport coefficients at first and second order in the hydrodynamical expansion, using
an holographic model which includes both gauge and mixed gauge-gravitational anomalies
and external electromagnetic fields.
The manuscript is organized as follow. In section 2 we define our holographic model
and present the renormalized action and the equations of motion. In section 3 we perform
a formal derivation of the one point functions for a general Lagrangian, either in consistent
and in covariant form. We review in section 4 the first and second order hydrodynamical
Weyl covariant formalism, and present our main results.
In section 5 we explain the method to compute the transport coefficients within the
fluid/gravity formalism. We present our result of the transport coefficients to first and
second order in sections 6 and 7 respectively. Finally we conclude with a discussion of our
results and an outlook towards possible future directions in section 8. The full expressions
for the sources and transport coefficients at second order are collected in the appendices.
2. Holographic Model
The model we will use here was presented in [38]. We will fix first our conventions. We
choose the five dimensional metric to be of signature (−,+,+,+,+). The epsilon tensor
has to be distinguished from the epsilon symbol, the latter being defined by (rtxyz) = +1
whereas the former is defined by ABCDE =
√−g (ABCDE). Five dimensional indices
are denoted with upper case latin letters. We define an outward pointing normal vector
nA ∝ gAB ∂r∂xB to the holographic boundary of an asymptotically AdS space with unit norm
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nAn
A = 1. The action is given by
S =
1
16piG
∫
d5x
√−g
[
R+ 12− 1
4
FMNF
MN
+MNPQRAM
(κ
3
FNPFQR + λR
A
BNPR
B
AQR
)]
+ SGH + SCSK , (2.1)
SGH =
1
8piG
∫
∂
d4x
√−hK , (2.2)
SCSK = − 1
2piG
∫
∂
d4x
√−hλnM MNPQRANKPLDQKLR , (2.3)
where SGH is the usual Gibbons-Hawking boundary term and DA is the induced covariant
derivative on the four dimensional cut-off surface. The second boundary term SCSK was
motivated in [38] (see also [43]). Notice that the action is diffeomorphism invariant, the
Chern Simons terms are well formed volume forms and as such they are diffeomorphism
invariant. They do depend however explicitly on the gauge connection AM . Under gauge
transformations δAM = ∇Mξ they are therefore invariant only up to a boundary term. This
model needs a counterterm in order to make the on-shell boundary action well defined 3
Sct = − 1
16piG
∫
∂
d4x
√−h
[
6 + 3P −
(
Pµν P
ν
µ − P 2 −
1
4
FˆµνFˆ
µν
)
log 
]
, (2.4)
where
P =
Rˆ
6
, Pµν =
1
2
[
Rˆµν − Pδµν
]
. (2.5)
Quantities with hat (Fˆ , Rˆ, . . . ) refer to their induced four dimensional objects at the cut-off
surface, which is located at the radius r ∼ 1/. So taking the limit  → 0, one takes the
surface to the AdS boundary.
The bulk equations of motion EMN = 0 and M
D = 0 are
GMN +
(
1
8
F 2 − 6
)
gMN − 1
2
FMLFN
L − 2λLPQR(M∇B
(
FPLRB N)
QR
)
= 0 , (2.6)
∇NFND + DNPQR
(
κFNPFQR + λR
A
BNPR
B
AQR
)
= 0 , (2.7)
and they are gauge and diffeomorphism covariant.
3. One point functions and Ward identities
After an ADM decomposition it is possible realize that the action (2.1) is third order in r
derivatives (see Ref. [38]), so in order to get the correct one point functions we have to take
into account this fact and the assumption that the bulk space is asymptotically anti-de
Sitter. Asymptotically AdS is enough to get a well defined boundary value problem just
in terms of the field boundary theory sources. Let us analyze now what this implies for a
general Lagrange density.
3It has been proved in [38] that the gravitational Chern-Simons term does not introduce new divergences
in the system if the space is asymptoticaly AdS.
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3.1 The holographic dictionary with higher derivatives
Let us assume a general renormalized Lagrangian for an arbitrary set of fields that we will
call φ. After the four dimensional ADM decomposition one has,
S =
∫
d4x drL(φ, φ˙,Dµφ,Dµφ˙, φ¨) ,
where dot indicates derivative with respect to the radial coordinate. A general variation
of the action leads now to
δS =
∫
d4x dr
[
∂L
∂φ
δφ+
∂L
∂φ˙
δφ˙+
∂L
∂(Dµφ)
δ(Dµφ) +
∂L
∂(Dµφ˙)
δ(Dµφ˙) +
∂L
∂φ¨
δφ¨
]
. (3.1)
Through a series of partial integrations we can bring this into the following form,
δS =
∫
d4x drE.O.M. δφ+
∫
∂
d4x
[(
∂L
∂φ˙
−Dµ
(
∂L
∂(Dµφ˙)
)
−
(
∂L
∂φ¨
).)
δφ+
∂L
∂φ¨
δφ˙
]
.
(3.2)
The bulk terms are the equations of motion. For a generic boundary, the form of the
variation shows that Dirichlet boundary conditions can not be imposed. Vanishing of the
action rather imposes a relation between δφ and δφ˙.
If we have applications of holography in mind, there is however another way of dealing
with the boundary term. We suppose now that we are working in an asymptotically anti-de
Sitter space. The field φ has therefore a boundary expansion
φ = e(∆−4)rφ(0) + subleading ,
here ∆ is the dimension (conformal weight) of the operator that is sourced by φ(0). Since
this is a generic property of holography in asymptotically AdS spaces, we can relate the
derivative of the variation to the variation itself,
δφ˙ = (∆− 4)e(∆−4)rδφ(0) + subleading .
Using this and the fact that the one point function of the consistent operator Oφ is defined
as the variation of the on-shell action with respect to the source φ(0), we find√
−h(0)Oφ = lim
→0
(∆−4)r
[
∂L
∂φ˙
−Dµ
(
∂L
∂(Dµφ˙)
)
− d
dr
(
∂L
∂φ¨
)
+ (∆− 4)
(
∂L
∂φ¨
)]
. (3.3)
Without loss of generality we can evaluate this in Gaussian normal coordinates where the
metric takes the form ds2 = dr2 + hµνdx
µdxν , and in the gauge Ar = 0. The gauge
variation of the action depends only on the intrinsic four dimensional curvature of the
boundary. From this we can compute the “bare” consistent U(1) current and energy-
momentum tensor, and the result is
16piGJµ(c) = −
√−h√
−h(0)
[
F rµ +
4
3
κµνρλAνFˆρλ
]

, (3.4)
8piGTµν(c) =
√−h√
−h(0)
[
Kµν −Kγµν + 4λ(µαβρ
(
1
2
FˆαβRˆ
ν)
ρ +Dδ(AαRˆ
δν)
βρ)
)]

. (3.5)
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Now taking the divergence of these expressions and using the equations of motion, we
get the anomalous charge conservation and the energy-momentum conservation relations
respectively,
DµJ
µ
(c) = −
1
16piG
µνρλ
(κ
3
FˆµνFˆρλ + λRˆ
α
βµνRˆ
β
αρλ
)
, (3.6)
DµT
µν
(c) = −J(c)µFˆµν +AνDµJµ(c) . (3.7)
These are precisely the consistent Ward identities for a theory invariant under diffeomor-
fisms with a mixed gauge gravitational anomaly. A good general reference for anomalies
is Bertlmann’s book [61] where the consistent form of the anomaly for chiral fermions
transforming under a U(1)L symmetry group is quoted as
DµJ
µ
(c) =
1
96pi2
µνρλFµνFρλ +
1
768pi2
µνρλRˆα βµνRˆ
β
αρλ . (3.8)
We use this to fix κ and λ to the anomaly coefficients for a single chiral fermion transforming
under a U(1)L symmetry, therefore
− κ
48piG
=
1
96pi2
, − λ
16piG
=
1
768pi2
. (3.9)
3.2 Covariant form of the current and energy-momentum tensor
We have computed the currents as the derivative of the field theory quantum action, and
the anomaly is therefore in the form of the consistent anomaly. Since we are dealing only
with a single U(1) symmetry, the (gauge) anomaly is automatically expressed in terms of
the field strength. However it is always possible to add a Chern-Simons current and to
redefine the charge current Jµ → Jµ + cµνρλAνFρλ, and the energy-momentum tensor
Tµν → Tµν + c′α(µρλDβ
(
AαR
βν)
ρλ
)
. These redefined quantities can not be expressed as
the variation of a local functional of the fields with respect to the gauge and metric fields
respectively. In particular the so-called covariant form of the anomaly differs precisely in
such a redefinition of the current. 4
Adding such a terms to the consistent current and energy-momentum tensor (3.4)-
(3.5), we can write the covariant expressions for these quantities which are the ones we will
use to construct the hydrodynamical constitutive relations in the fluid/gravity approach,
16piGJµ = −
√−h√
−h(0)
F rµ| , (3.10)
8piGTµν =
√−h√
−h(0)
[
Kµν −Khµν + 2λ(µαβρFˆαβRˆν)ρ
]

. (3.11)
4. Constitutive relations, derivative expansion and Weyl covariance
Some notions on conformal/Weyl covariant formalism are needed to construct the consti-
tutive relations up to second order (for a detailed explanation see [29]). A conformal fluid
4Note that the approaches used in [34,35] and in subsequent works, typically make use of the covariant
form of the anomaly.
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has to be invariant under the change
gµν → e−2φ(x)gµν , (4.1)
where φ(x) is an arbitrary function. We will say that a tensor is Weyl convariant with
weight w if it transforms as
Qαβ...µν... → ewφ(x)Qαβ...µν... . (4.2)
The consequences of conformal symmetry on hydrodynamics is that the energy momen-
tum tensor and (non)-conserved currents have to be covariant under Weyl transformations
and the energy momentum has to be traceless modulo contributions from Weyl anomaly.
To construct Weyl covariant quantities it is necessary to introduce the Weyl connection
Aµ = uνDµuν − 1
3
Dνu
ν , (4.3)
and the Weyl covariant derivative
DλQµ...ν... = DλQµ...ν... − wAλQµ...ν... +
+
[
gλαAµ − δµλAα − δµαAλ
]
Qα...ν... + . . .
− [gλνAα − δαλAν − δανAλ]Qµ...α... + . . . . (4.4)
We show in table 1 the Weyl weights of some of the hydrodynamical variables. It is
possible to reduce in a systematic way the number of independent sources contributing to
the constitutive relations by imposing Weyl covariance and the hydrodynamical equations
of motion (Ward idetities). A classification in the so called Landau frame of all the possible
terms that can appear in the energy-momentum tensor and U(1) current has been done
up to second order in [31, 32, 60]. The Ward identities in four dimensions in presence of
quantum anomalies are shown in (3.6) and (3.7). The curvature part has been usually
neglected in the literature as it is fourth order in derivatives and the expansion is usually
done up to second order. But it was shown in [37,38] that the gravitational anomaly indeed
fixes part of the transport coefficients at first order. Actually in [44] it was understood
why the derivative expansion breaks down in presence of the gravitational anomaly.
Field weight
µ, T , uµ 1
gµν -2
p 4
n, Eµ, Bµ 3
Table 1: Weyl weights for the chemical potential, temperature, fluid velocity, metric, pressure,
charge density, electric field and magnetic field.
With these ingredients we can write down the constitutive relations in the Landau
frame
Tµν = p(4uµuν + ηµν) + τµν(1) + τ
µν
(1)ano + τ
µν
(2) + τ
µν
(2)ano , (4.5)
Jµ = nuµ + νµ(1) + ν
µ
(1)ano + ν
µ
(2) + ν
µ
(2)ano , (4.6)
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where we have split the expressions in the equilibrium, first order and second order (anoma-
lous + non anomalous) parts. Weyl invariance implies the equation of state  = 3p and the
vanishing of the bulk viscosity ζ = 0. 5 The subindex in parenthesis indicates the order in
the derivative expansion. The ambiguity in the definition of temperature, chemical poten-
tial and fluid velocity which appears when the system is slightly out of equilibrium is fixed
by using the Landau frame, in which it is demanded that uµτ(n)µν = 0 and u
µν(n)µ = 0. Up
to first order, the most general contributions to the conformal energy momentum tensor
and U(1) current are
τµν(1) = −2ησµν , τµν(1)ano = 0 , (4.7)
νµ(1) = −σ (TPµνDν µ¯− Eµ) , νµ(1)ano = ξV ωµ + ξBBµ , (4.8)
where we have defined the Weyl invariant quantity µ¯ = µ/T . In these expressions η, σ, ξV
and ξB are the shear viscosity, electrical conductivity, chiral vortical and chiral magnetic
conductivities respectively, while σµν , ωµ, Eµ and Bµ are the shear tensor, vorticity, electric
and magnetic field respectively, defined as
σµν =
1
2
(Dµuν +Dνuµ) , (4.9)
ωµν = Dµuν −Dνuµ , (4.10)
ωµ =
1
2
µναβuνωαβ , (4.11)
Eµ = Fµνuν , (4.12)
Bµ =
1
2
µναβuνFαβ . (4.13)
Finally Pµν = hµν + uµuν is the projector in the space orthogonal to the velocity field.
From previous definitions one can easily prove that the strength tensor decomposes in the
following way:
Fαβ = uαEβ − uβEα − αβρµuρBµ . (4.14)
The second order contributions to the constitutive relations are
τµν(2) =
a=15∑
a=1
ΛaT (a)µν , τµν(2)ano =
a=8∑
a=1
Λ˜aT˜ (a)µν , (4.15)
jµ(2) =
a=10∑
a=1
ξaJ (a)µ , jµ(2)ano =
a=5∑
a=1
ξ˜aJ˜ (a)µ , (4.16)
5As it has been discussed in [60] the anomalous terms in the constitutive relations are those whose
transport coefficients have (C,P ) = (±1,−1), and they correspond to the ones containing odd powers in
the anomaly coefficients κ and λ. See this reference for a systematic classification of anomalous and non
anomalous terms.
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with the second order tensors defined as
T (1)µν = uαDασµν , T (2)µν = σ〈µ γσν〉γ , T (3) = σ〈µ γωµ〉γ ,
T (4)µν = ω〈µ γων〉γ , T (5)µν = D〈µDν〉µ¯ , T (6)µν = D〈µµ¯Dν〉µ¯ ,
T (7)µν = D〈µEν〉 , T (8)µν = E〈µDν〉µ¯ , T (9)µν = E〈µEν〉 ,
T (10)µν = B〈µBν〉 , T (11)µν = γδη〈µuγBδσν〉 η , T (12)µν = ω〈µBν〉 ,
T (13)µν = CµανβPαβ , T (14)µν = µαβγνδηλCαβδηuγuλ , T (15)µν = 〈µγδηCγδ ν〉λuηuλ ,
(4.17)
T˜ (1)µν = D〈µων〉 , T˜ (2)µν = ω〈µDν〉µ¯ , T˜ (3)µν = γδη〈µσν〉 ηuγDδµ¯ ,
T˜ (4)µν = D〈µBν〉 , T˜ (5)µν = B〈µDν〉µ¯ , T˜ (6)µν = E〈µBν〉 ,
T˜ (7)µν = γδη〈µσν〉 ηuγEδ , T˜ (8)µν = ω〈µEν〉 ,
(4.18)
where Cµανβ is the conformal Weyl curvature tensor, Πµν αβ =
1
2
(
PµαP νβ + P
ν
αP
µ
β − 23PµνPαβ
)
is a transverse traceless projector and we use the notation X〈µν〉 = Πµν αβXαβ. The second
order vectors are
J (1)µ = σµνDν µ¯ , J (2)µ = ωµνDν µ¯ , J (3)µ = PµνDασνα ,
J (4)µ = PµνDαωνα , J (5)µ = σµνEν , J (6)µ = ωµνEν ,
J (7)µ = uνDνEµ , J (8)µ = µναβuνBαDβµ¯ , J (9)µ = µναβuνEαBβ ,
J (10)µ = µναβuνDαBβ ,
(4.19)
J˜ (1)µ = σµνων , J˜ (2)µ = σµνBν , J˜ (3)µ = ωµνBν ,
J˜ (4)µ = µναβuνEαDβµ¯ , J˜ (5)µ = µναβuνDαEβ .
(4.20)
This classification of independent possible terms has been previously presented in [60]. We
consider in this work a flat background metric, so we are neglecting those terms proportional
to the conformal Weyl tensor.
Here we write for completeness the first order transport coefficients for the anomalous
holographic plasma computed in the literature,
η =
r3+
16piG
, σ =
pir7+T
2
16Gm2
, (4.21)
ξB = −
√
3q
(
m+ 3r4+
)
κ
8piGmr2+
+
√
3piqT 2λ
Gm
, ξV = − 3q
2κ
4piGm
+
2pi
(
2q2 − r6+
)
T 2λ
Gmr2+
,(4.22)
where m, q and r+ are the mass, charge and radius of the outer horizon of the black
hole, which we will define in more detail in section 5. We write also here our main results
corresponding to the second order transport coefficients that are completely new. We
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express some of them as an expansion in the parameter µ¯ assuming that µ¯ 1,
τE = −Λ7
2η
=
η2
4p2
(
µ
r+
+
5
6
(
µ
r+
)3)
, (4.23)
Λ8 = − η
r2+
(
1
2pi
− 1
12pi3
(14 log 2− 1)µ¯2 +O(µ¯4)
)
, (4.24)
Λ9 =
η
r3+
(
11
6
+
1
2
log 2 +
1
12pi2
(7− 8 log 2)µ¯2 +O(µ¯4)
)
, (4.25)
Λ12 = −ηµ¯
r2+
(
T
r+
− 16κT
3µ¯2
Mr3+
+
128
3pi
κλ(5− 12 log 2) + 256
15pi
λ2(29 + 60 log 2) +O(µ¯2)
)
,
(4.26)
l˜B = −Λ4
2η
=
1
2pipG
(
κ
µ2
8
+ λ(piT )2
)
, (4.27)
Λ˜5 = − 4ηµ¯
pi2r2+
(
κ(1− 2 log 2) + 2λ(1 + 2 log 2) +O(µ¯2)) , (4.28)
Λ˜6 =
8ηµ¯
pir3+
(−κ log 2 + λ(5 + 2 log 2) +O(µ¯2)) , (4.29)
Λ˜7 = −32η
r2+
λ , (4.30)
Λ˜8 =
η
p2
[
r4+µ¯
2
64(piG)2
(
−T 2 + T
4µ¯2
3r2+
)
κ (4.31)
+
r6+λ
8pi2G2
(
− log 2 + 5
18pi2
µ¯2(5 + 6 log 2) +
1
216pi4
µ¯4(199− 726 log 2) +O(µ¯6)
)]
,
ξ5 = − 1
16piG
(
1
2
log 2 +
1
12pi2
µ¯2(11− 24 log 2) +O(µ¯4)
)
, (4.32)
ξ6 = − 1
16piG
− 17µ¯
2
192pi3G
+
κ2µ¯2
pi3G
− log 2
64piG
+
µ¯2 log 2
48pi3G
+ λ2
(
1456µ¯2
15pi3G
− 16µ¯
2 log 2
pi3G
)
+κλ
(
4
Gpi
− 130µ¯
2
9Gpi3
+
8 log 2
Gpi
− 20µ¯
2 log 2
3Gpi3
)
+O(µ¯4) , (4.33)
ξ7 = − 1
16piG
(
4 + log 2
2
+
1
12pi2
µ¯2(1− 8 log 2)
)
+O(µ¯4) , (4.34)
ξ8 = − µ¯
pi3G
( 7
192
− 2κ2(2− 3 log 2) + 4κλ(14− 27 log 2)
3
− 4λ
2(31− 60 log 2)
5
)
+O(µ¯3) ,
(4.35)
ξ9 =
1
pi2Gr+
(
11
192
+ 2κ2 log 2− 2κλ(1 + 2 log 2) + 39λ2
)
µ¯+O(µ¯3) , (4.36)
ξ10 =
1
piG
(
1
16
+
µ¯2
64pi2
+
2µ¯2
pi2
κ2 (−1 + 2 log 2) + 2µ¯
2
pi2
κλ (5− 12 log 2) (4.37)
− 2
pi2
λ2
(
9pi2 − µ¯2
(
116
15
+ 16 log 2
)))
+O(µ¯4) , (4.38)
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ξ˜2 =
µ¯
144pi4G
[
3κ(24pi2 log 2 + µ¯2(33− 68 log 2))− 8λ(18pi2(1 + log 2) + µ¯2(5− 51 log 2))
]
+O(µ¯5) ,
(4.39)
ξ˜3 = − µσ
piGp
(
κ
µ2
24
+ λ(piT )2
)
, (4.40)
ξ˜4 =
1
8Gpi2
(
κ
(
2 log 2 +
3µ¯2(2− 5 log 2)
pi2
)
− 4λ
(
1 + 2 log 2− µ¯
2(5 + 90 log 2)
6pi2
))
+O(µ¯4) ,
(4.41)
l˜E =
ξ˜5
σ
= − 8µ¯
pir+
(κ log 2− 2λ(1 + 2 log 2)) +O(µ¯3) . (4.42)
As we shall see most of the coefficients computed receive λ−corrections. Indeed not only
the anomalous transport coefficients are sensitive to the presence of the anomaly, but also
the non-anomalous ones get corrected as well. The latter had been computed in the past
without including the mixed gravitational anomaly, so these corrections were neglected.
5. Fluid/Gravity Computation
The system of bulk equations of motion (2.6) and (2.7) admits an AdS Reissner-Nordstro¨m
black-brane solution of the form
ds2 = −r2f(r)dt2 + dr
2
r2f(r)
+ dxidxi , (5.1)
A = φ(r)dt , (5.2)
with f(r) = 1 −m/r4 + q2/r6 and φ(r) = −√3q/r2 . The real and positive zeros of f(r)
are
r+ =
piT
2
(
1 +
√
1 +
2
3pi2
µ¯2
)
, (5.3)
r2− =
1
2
r2+
−1 +√√√√9− 8
1
2
(
1 +
√
1 + 2
3pi2
µ¯2
)
 , (5.4)
where r+ is the outer horizon and r− the inner one. The mass of the black hole can be
written in terms of hydrodynamical variables as
m =
pi4T 4
24
(
1 +
√
1 +
2
3pi2
µ¯2
)3(
−1 + 3
√
1 +
2
3pi2
µ¯2
)
. (5.5)
The boosted version of this blackhole in Eddington-Finkelstein coordinates looks like
ds2 = −r2f(r)uµuνdxµdxν + r2Pµνdxµdxν − 2uµdxµdr , (5.6)
A = −φ(r)uµdxµ , (5.7)
with the normalization condition uµu
µ = −1. (5.6) and (5.7) is a solution of the equations
of motion as long as m, q and uµ are independent of the space-time coordinates x
µ. The
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fluid/gravity approach tells us that we have to promote all the parameters to slow varying
functions of the space time coordinates, and include corrections to the metric in order to
make it a solution of the equations of motion again.
5.1 Weyl covariant ansatz
In order to follow the fluid/gravity techniques [27, 31, 32, 62] we will use a Weyl invariant
formalism [63] in which the identification of the transport coefficients is direct. We start
with the ansatz
ds2 = −2W1(ρ)uµdxµ
(
dr2 + rAνdxν
)
+ r2
[
W2(ρ)ηµν +W3(ρ)uµuν + 2
W4σ(ρ)
r+
P σµ uν
+
W5µν(ρ)
r2+
]
dxµdxν , (5.8)
A =
(
a(b)µ + aν(ρ)P
ν
µ + r+c(ρ)uµ
)
dxµ , (5.9)
where now r+ is an unknown function of the space-time coordinates, r+(x
µ), and coincides
with the radius of the outer horizon of the black hole (5.3) only when the xµ dependence
is gone. a
(b)
µ = a
(b)
µ (xµ) is a boundary background gauge field satisfying a
(b)
µ (x
µ
0 ) = 0.
Notice that ηµν is the Minkowski metric, so we will look for metric solutions with flat
boundary. The r-coordinate has Weyl weight +1, and in consequence r+ has the same
property. By construction the W functions are Weyl invariant, so that they will depend
on r only in a Weyl invariant way, i.e, W (r) ≡ W (ρ) with ρ = r/r+. W5µν(r) obeys
the traceless and transversality conditions Wµ5µ(r) = 0, u
µW5µν(r) = 0. All these scalars,
vectors and tensors will be understood in term of a derivative expansion in the transverse
coordinates, i.e. F (ρ) = F (0)(ρ)+εF (1)(ρ)+ε2F (2)(ρ)+O(ε3) for a generic function F , with
ε a parameter counting the number of boundary space-time derivatives. 6 This solution
leads to the current and energy momentum tensor after using the AdS/CFT dictionary
(see (3.10) and (3.11))
Jµ =
1
8piG
lim
→0
(
r3+c
(2¯,)uµ + r
2
+a
(2¯,)
µ + J
ct
µ
)
, (5.10)
Tµν =
1
16piG
lim
→0
(
r4+(W2 +W3)
(4¯,)(4uµuν + ηµν) + 4r
2
+W
(4¯,)
5µν + 8r
3
+W
(4¯,)
4σ P
σ
(µuν) + T
ct
µν
)
,
(5.11)
where F (n¯,) denotes the coefficient of the term (ρ−1 − )n in an expansion around the
regularized boundary, and  determines the position of the cut-off surface ρ = 1/. The
counterterms in the current Jctµ and energy momentum tensor T
ct
µν are needed to make the
expressions finite, and they follow from the counterterm of the action (2.4). They write
Jctµ =
1
2
log 
[
(DνEν − 2ωνBν)uµ + J (5)µ −
1
2
J (6)µ − J (7)µ + J (10)µ
]
, (5.12)
T ctµν = log 
[
− 1
6
(BβB
β + EβE
β)Pµν − 1
2
(EαE
α +BαB
α)uµuν + T (9)µν + T (10)µν
−(J (9)µ uν + J (9)ν uµ)
]
. (5.13)
6This expansion of F (ρ) is basically a Taylor expansion around the point xµ0 .
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We are considering a flat background metric, and so the divergences appear only
through terms involving electromagnetic fields, in addition to the cosmological constant
contribution which was already taken into account in (5.11).
The functions at zeroth order in the derivative expansion correspond to the boosted
charged blackhole, i.e. 7
c(0)(ρ) = −φ(ρ)
r+
, (5.14)
W
(0)
1 (ρ) = 1 = W
(0)
2 (ρ) , (5.15)
W
(0)
3 (ρ) = 1− f(ρ) , (5.16)
W
(0)
4µ (ρ) = 0 = W
(0)
5µν(ρ) , (5.17)
a(0)µ (ρ) = 0 . (5.18)
Then the charge current and energy momentum tensor at this order read
J (0)µ =
√
3q
8piG
uµ , T
(0)
µν =
m
16piG
(4uµuν + ηµν) . (5.19)
From this we obtain the equilibrium pressure and charge density p = m16piG and n =
√
3q
8piG .
For computational reasons it is convenient to define a Weyl invariant charge Q ≡ q/r3+
and mass M ≡ m/r4+ = 1 + Q2. In terms of these redefined parameters, the black hole
temperature and chemical potential read
T =
r+
2pi
(2−Q2) , µ =
√
3r+Q . (5.20)
We also define the inner horizon in the ρ-coordinate, ρ2 ≡ r−/r+ .
5.2 Einstein-Maxwell equations of motion and Ward identities
Inserting the ansatz (5.8)-(5.9) into the Einstein-Maxwell system of equations we find a set
of (2×1 + 2×3 + 5) differential equations and (2×1 + 3) constraints relating the allowed
Q(xµ), r+(x
µ), uν(xµ) and a
(b)
ν (xµ) [32]. 8 We need to solve the equations of motion around
a certain point xµ0 that we choose to be x
µ
0 = 0. At such point we sit in a frame in which
uµ(0) = (1, 0, 0, 0) and a
(b)
µ (0) = 0.
The scalar sector is obtained from the rr, rv and vv components of the Einstein
equations, and the r and v components of the Maxwell equations. One finds two constraints
E(n)vv + r
2f(r)E(n)rv = 0 ⇒ (DµTµv = FvαJα)(n−1) , (5.21)
M (n)v + r
2f(r)M (n)r = 0 ⇒ (DµJµ = c1F ∧ F )(n−1) , (5.22)
which, as indicated, correspond to the energy-momentum and current non-conservation
relations at order n − 1. 9 The combinations Err = 0, Erv + r2f(r)Err = 0 and Mr = 0
7Following the notation in [31], barred superscripts (n¯) should not be confused with superscripts (n),
where the latter refers to the order in the hydrodynamical expansion.
81, 3 and 5 denote the SO(3) scalars, vectors and tensors in which the fields are decomposed.
9Notice that there are no curvature terms in (5.22) and (5.21) because we are working with a flat
boundary.
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leads respectively to the set of differential equations
3∂ρW
(n)
1 (ρ)−
3
2
ρ−1∂ρ
(
ρ2∂ρW
(n)
2 (ρ)
)
= S(n)(ρ) , (5.23)
∂ρ
(
ρ4W
(n)
3
)
+ 8ρ3W
(n)
1 −
2√
3
Q∂ρc
(n) + (1− 4ρ4)∂ρW (n)2 − 4ρ3W (n)2 = K(n)(ρ) , (5.24)
∂ρ
(
ρ3∂ρc
(n)
)
− 2
√
3Q∂ρW
(n)
1 (ρ) + 3
√
3Q∂ρW
(n)
2 = C
(n)(ρ) . (5.25)
At this stage there is still some gauge freedom in the metric. There are three (metric)
scalar fields (W1 ,W2 and W3) but the Einstein’s equations give two differential equations,
(5.23) and (5.24). We choose the gauge W2(ρ) = 1 in which the system partially decouples
and can be solved as
W
(n,)
1 (ρ) = −
1
3
∫ 1

ρ
dx S(n)(x) , (5.26)
W
(n,)
3 (ρ) =
C0
ρ4
− 1
ρ4
∫ 1

ρ
dx
(
K(n)(x)− 8x3W (n,)1 (x) +
2Q√
3
∂xc
(n,)(x)
)
, (5.27)
c(n,)(ρ) = c0
(1− 2ρ2)
ρ2
−
∫ 1

ρ
dxx−3
∫ x
1
dy
(
C(n)(y) +
2Q√
3
S(n)(y)
)
. (5.28)
These solutions have been constructed by requiring Dirichlet boundary conditions at the
cut-off surface and demanding regularity at the interior of the bulk. The remaining in-
tegration constants C0 and c0 are associated to the freedom of choosing a frame in the
hydrodynamic set up.
In a similar way, the vector sector is constructed with the components of the equations
of motion Eri, Evi and Mi. They lead to a constraint equation,
E
(n)
vi + r
2f(r)E
(n)
ri = 0 ⇒ (DµTµi = FiαJα)(n−1) , (5.29)
implying the energy conservation equation, and the two dynamical equations
∂ρ
(
ρ5∂ρW
(n)
4i + 2
√
3Qa
(n)
i (ρ)
)
= J(n)i (ρ) , (5.30)
∂ρ
(
ρ3f(ρ)∂ρa
(n)
i (ρ) + 2
√
3Q∂ρW
(n)
4i (ρ)
)
= A(n)i (ρ) , (5.31)
corresponding to Eri = 0 and Mi = 0 respectively. The general solution of this system in
the Landau frame has been found in [31] with neither background fields at the boundary
nor gravitational anomaly. It is straightforward to generalize the solution to the case in
which electromagnetic sources are included. In this case new divergences arise that need
to be regulated with the cut-off 1/, and then to be substracted with the corresponding
counterterms (5.12)-(5.13). Having found in [31] the general solution of the system, the
contribution to the current coming from the vector sector writes (cf. (5.10))
a(2¯,)ν =
1
2
(
1

Aν (1/)−
∫ 1

1
dxAν(x)
)
−
√
3Q
M
C()ν −
√
3Q
4M
D()ν , (5.32)
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where the integration constants C
()
ν and D
()
ν are determined by fixing the Landau frame
(W
(4¯,)
4σ = 0), and demanding regularity at the outer horizon respectively. These constants
write
4C()ν = −
2∑
m=0
(−1)m∂mρ Jν(1/)
m+1(m+ 1)!
+
∫ 1

1
dx Jν(x)− J (9)ν log  , (5.33)
D()ν = −
√
3Q
∫ 1

1
dx
Aν(x)
x2
−M
∫ 1

1
dx
Jν(x)
x4
+Q2
∫ 1

1
dx
Jν(x)
x6
. (5.34)
Finally the tensor equations are the combination Eij − 13δij tr (Ekl) = 0, which leads
to the dynamical equation
∂ρ
(
ρ5f(ρ)∂ρW
(n)
5ij (ρ)
)
= P(n)ij (ρ) . (5.35)
The solution of this equation that satisfies the Dirichlet boundary and regularity conditions
writes
W
(n,)
5µν (ρ) = −
∫ 1

ρ
dx
∫ x
1 dy P
(n)
µν (y)
x5f(x)
. (5.36)
After doing an asymptotic expansion of this solution around the regularized boundary
surface, one can extract the tensor contribution to the energy momentum tensor (cf. (5.11)),
4W
(4¯,)
5µν = −
2∑
m=0
(−1)m∂mρ Pµν(1/)
m+1(m+ 1)!
−
∫ 1

1
dxPµν(x) . (5.37)
Note that the form of the homogeneous part in the dynamical equations in the scalar,
vector and tensor sectors is the same at any order in the derivative expansion. Each order n
is then characterized by the specific form of the sources. In the next two sections we will
compute the sources, and integrate them according to the formulae presented above to get
the transport coefficients at first and second order.
6. First Order Transport Coefficients
The technology presented in Sec. 5 can be used to construct the solutions of the system
at any order in a derivative expansion. As it has been already explained, the solution at
zeroth order trivially leads to the charged blackhole with constant parameters (5.6)-(5.7).
In this section we will solve the system up to first order. The transport coefficients at
this order have been obtained previously in the literature using different methods in field
theory and holography. In particular, they have been computed within the fluid/gravity
approach, but not including external electric fields in this formalism, see eg. [30–32,34].
6.1 Scalar sector
In the scalar sector, the first order sources look like
S(1)(ρ) = K(1)(ρ) = C(1)(ρ) = 0 . (6.1)
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This very simple situation leads to the solution
W
(1,)
1 (ρ) = 0 , (6.2)
c(1,)(ρ) = c0
(1− 2ρ2)
ρ2
, (6.3)
W
(1,)
3 (ρ) =
C0
ρ4
+
2Qc0√
3
(1− 2ρ2)
ρ6
. (6.4)
The integration constants c0 and C0 can be fixed to zero because they just redefine the
charge and mass of the black hole respectively.
6.2 Vector and tensor sector
The first order sources are given by
J(1)µ = −λ
96
ρ3
(
5Q2
ρ2
−M
)
Bµ
r+
−
√
3Qλ
(
1008Q2
ρ7
− 320M
ρ5
)
ωµ , (6.5)
A(1)µ = −
√
3piT
Mr+ρ2
P νµDνQ−
(
1 +
9Q2
2Mρ2
)
Eµ
r+
− 16
√
3κQ
ρ3
Bµ
r+
− 48κQ
2
ρ5
ωµ
−48λ
(
15Q4 − 16MQ2ρ2 + 4M2ρ4)
ρ11
ωµ , (6.6)
P(1)µν = −6r+ρ2σµν , (6.7)
where Dµ is the Weyl covariant derivative and DαQ = 2piT 2√3r2+(1+M)Dαµ¯. Using equations
(5.10), (5.11), (5.32), (5.33) and (5.34) it is straightforward to find the first order transport
coefficients shown at the end of section 4. We write the result again for completeness,
η =
r3+
16piG
, σ =
pir7+T
2
16Gm2
, (6.8)
ξB = −
√
3q
(
m+ 3r4+
)
κ
8Gmpir2+
+
√
3piqT 2λ
Gm
, ξV = − 3q
2κ
4Gmpi
+
2pi
(
2q2 − r6+
)
T 2λ
Gmr2+
.(6.9)
Chiral magnetic ξB and vortical ξV conductivities have been computed at first order in
holography within the Kubo formulae formalism in [38,64–67], including chiral and gauge
gravitational anomalies. Here we reproduce the same result within the fluid/gravity ap-
proach. 10
Note that to compute the first order transport coefficients one needs only the terms
a
(2¯,)
µ and W (4¯,) in the near boundary expansion. However, in order to go to the next order
in the derivative expansion, we need to know the exact solutions, which can be written in
terms of the sources as
W
(1)
4µ (ρ) = F1[ρ]P
ν
µDνQ(x) + F2[ρ]ωµ(x) + F3[ρ]
Eµ(x)
r+
+ F4[ρ]
Bµ(x)
r+
, (6.10)
W
(1)
5µν(ρ) = F5[ρ] r+ σµν(x) , (6.11)
a(1)µ (ρ) = F6[ρ]P
ν
µDνQ(x) + F7[ρ]ωµ(x) + F8[ρ]
Eµ(x)
r+
+ F9[ρ]
Bµ(x)
r+
. (6.12)
10The gauge gravitational anomaly contribution to the chiral vortical conductivity was also computed
recently within an holographic setup in [30,68].
– 17 –
We show in Appendix A the expressions for the F ’s functions. F5 writes
F5[ρ] = −2 log [1 + ρ]−1 +M −
(
1 + ρ2 + ρ
2
2
)
log [ρ− ρ2]
(1 + ρ2)
(
1 + 2ρ22
) + 2 (1 + ρ32) log [ρ+ ρ2]−2− 2ρ22 + 4ρ42
+
log
[
1 + ρ2 + ρ22
]
2 + 5ρ22 + 2ρ
4
2
+
2
(
1 + ρ22
)3/2
2 + 5ρ22 + 2ρ
4
2
ArcCot
[
ρ√
1 + ρ22
]
. (6.13)
7. Second Order Transport Coefficients
The second order coefficients are much more computationally demanding than the first
order ones. The parameter c(2¯,) in (5.10) can always be chosen to be zero, as it just
redefines the charge and mass of the black hole. On the other hand, because we are
working in the Landau frame, there is no contribution coming from the scalar sector to the
energy-momentum tensor and (W2 + W3)
(4¯,) is set to zero. We have checked that this is
in fact what happens by using the sources for the scalar sector. So, we will focus in this
section on the vector and tensor contributions.
7.1 Vector sector
The second order sources in the vector sector are shown in Appendix B.1. Again using
these expressions and Eqs. (5.32), (5.33), (5.34) and (5.10), we can extract the second
order transport coefficients. We show first the new non anomalous coefficients
ξ5 = ξ5,0(ρ2) , (7.1)
ξ6 = ξ6,0(ρ2) +
3
(
3 +M2
)
Q2κ2
4piGM3
+ κλξ6,κλ(ρ2) + λ
2ξ6,λ2(ρ2) , (7.2)
ξ7 = ξ7,0(ρ2) , (7.3)
ξ8 = −(9 + 12M + 7M
2)piQT 3
128
√
3GM4(1 +M)r3+
+ κ2ξ8,κ2(ρ2) + κλξ8,κλ(ρ2) + λ
2ξ8,λ2(ρ2) , (7.4)
ξ9 =
Q
(
88 + 480Q2M + 169Q6
)
512
√
3piGM4r+
+
1
r+
(
κ2ξ9,κ2(ρ2)(ρ2) + κλξ9,κλ(ρ2)(ρ2) + λ
2ξ9,λ2(ρ2)(ρ2)
)
,
(7.5)
ξ10 =
(
4 + 7Q2
)
64piGM
+ κ2ξ10,κ2(ρ2) + κλξ10,κλ(ρ2) + λ
2ξ10,λ2(ρ2) . (7.6)
These coefficients had not been computed previously in the literature. The rest of the non
anomalous coefficients were obtained in the past without the gravitational anomaly. In
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this work we have found the λ−corrected results, which write
ξ1 =
piT 3
8GM3(M + 1)r2+
(
Q2 +
M2(
1 + 2ρ22
) log [2 + ρ22
1− ρ22
])
, (7.7)
ξ2 =
(3 +M)(M(3 +M)− 6)T 2
128GM3(M + 1)r+
+
3piQ2T 3κ2
GM3(M + 1)r2+
+ r+
(
κλξ2,κλ(ρ2) + λ
2ξ2,λ2(ρ2)
)
,
(7.8)
ξ3 =
3
√
3Q3r+
64piGM2
, (7.9)
ξ4 =
3
√
3Q3r+κ
2
2piGM2
+ r+κλξ4,κλ(ρ2) + r+λ
2ξ4,λ2(ρ2) . (7.10)
In the anomalous sector, the new coefficients (not computed previously) write
ξ˜2 =
3
√
3Q3 (6 +M)κ
16piGM2
(
1 + 2ρ22
)2 +
√
3piQT 2κ log
[
2+ρ22
1−ρ22
]
2GMr2+
(
1 + 2ρ22
)3 + λξ˜2,λ(ρ2) , (7.11)
ξ˜3 =
√
3piQT 2
8r2+M
3G
(
Q2κ+
8pi2T 2λ
r2+
)
, (7.12)
ξ˜4 = κξ˜4,κ(ρ2) + λξ˜4,λ(ρ2) , (7.13)
ξ˜5 = κξ˜5,κ(ρ2) + λξ˜5,λ(ρ2) , (7.14)
while the already known coefficient with the new λ contribution writes
ξ˜1 =
3Q2r+κ
4piGM2
+ λr+ξ˜1,λ(ρ2) . (7.15)
The ξi,(0,κ2,κλ,λ2)(ρ2) and ξ˜i,(κ,λ)(ρ2) functions are defined in Appendix C. These coefficients
enter in the constitutive relation for the current through (4.6) and (4.16).
7.2 Tensor sector
The second order sources in the tensor sector are shown in Appendix B.2, and again we
can extract the transport coefficients at this order after pluging these expressions into
Eqs. (5.11) and (5.37). Due to the length of the expressions, some of them will be shown
exactly and the rest are expressed in terms of some functions Λi,(κ2,κλ,λ2)(ρ2) and Λ˜i,(κ,λ)(ρ2)
which are presented in the Appendix C. Again we split our results in those non anomalous
coefficients which are new,
Λ7 = −
√
3(−3 + 5M)Qr+
64piGM2
, (7.16)
Λ8 = r+Λ8,0(ρ2) , (7.17)
Λ9 = Λ9,0(ρ2) , (7.18)
Λ10 =
11
96piG
+ κ2Λ10,κ2(ρ2) + κλΛ10,κλ(ρ2) + λ
2Λ10,λ2(ρ2) , (7.19)
Λ11 = −8
√
3Qr+κλ
piG
, (7.20)
Λ12 = −
√
3Qr+
16piG
+
3
√
3Q3r+κ
2
piGM
+ κλr+Λ12,κλ(ρ2) + λ
2r+Λ12,λ2(ρ2) , (7.21)
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and the rest of the non anomalous ones
Λ1 =
r2+
16piG
(
2 +
M√
4M − 3 log
[
3−√4M − 3
3 +
√
4M − 3
])
, (7.22)
Λ2 =
r2+
8piG
, (7.23)
Λ3 =
r2+
8Gpi
(
M
2(1 + 2ρ22)
log
[
2 + ρ22
1− ρ22
]
+ 192Q2κλ− 384(3M − 5)piTλ
2
r+
)
, (7.24)
Λ4 = −Q
2r2+
16piG
+
3Q4r2+κ
2
piGM
+
18Q2
(
5 +Q2
(
9Q2 − 16)) r2+κλ
5piGM
+ λ2r2+Λ4,λ2(ρ2) ,
(7.25)
Λ5 = − piQT
3
16
√
3GM2(M + 1)r+
, (7.26)
Λ6 = r
2
+Λ6,0(ρ2) . (7.27)
For the anomalous coefficients we get the new ones
Λ˜4 = −3Q
2r+κ
8piGM
− piT
2λ
GMr+
, (7.28)
Λ˜5 = κr+Λ˜5,κ(ρ2) + λr+Λ˜5,λ(ρ2) , (7.29)
Λ˜6 = κΛ˜6,κ(ρ2) + λΛ˜6,λ(ρ2) , (7.30)
Λ˜7 = −2r+λ
Gpi
, (7.31)
Λ˜8 =
3Q2
(
Q2 − 1) r+κ
4piGM2
+ λr+Λ˜8,λ(ρ2) , (7.32)
and the rest of the anomalous ones
Λ˜1 = −
√
3r2+Q
3κ
4piGM
+
√
3Qr+(3r+ + (Q
2 − 4)piT )
piGM
λ , (7.33)
Λ˜2 = λr
2
+Λ˜2,λ(ρ2) , (7.34)
Λ˜3 =
2T 2λ
G(M + 1)
. (7.35)
These coefficients enter in the constitutive relation for the energy-momentum tensor through
(4.5) and (4.15).
The transport coefficients Λ1, . . . ,Λ6, Λ˜1, . . . , Λ˜3 and ξ1 . . . ξ4, ξ˜1 have been computed
in the past in [31, 32] without gravitational anomaly. It is interesting to remark that
Λ1,Λ2,Λ5,Λ6,Λ7,Λ8,Λ9, ξ1, ξ3, ξ5 and ξ7 do not receive λ−corrections, actually these co-
efficients do not depend on κ either. It is also remarkable that Λ˜2 and Λ˜3 in the presence
of gravitational anomaly are not vanishing. The rest of the transport coefficients we have
computed are new.
7.3 Discussion of second order results
It would be interesting to compare our results with the predictions done in [60]. Basically
the authors tried to fix the anomalous second order transport coefficients using a generalized
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version of the method developed by Son & Surowka [34]. The only issue is that they didn’t
consider the mixed gauge-gravitational anomaly and neglected all the integration constants
as the previous authors. Nowadays we know that at least at first order these integration
constants might be related to the anomalous parameter λ. The authors presented a set of
algebraic and differential constraints. The algebraic ones are
Λ˜1 =
4η
n
(ξV − TDB) , (7.36)
Λ˜4 =
2η
n
(ξB − κ¯µ) , (7.37)
ξ˜3 =
2σ
n
(ξV − TDB) , (7.38)
ξ˜5 = 0 , (7.39)
where DB =
κT
4piG µ¯
2 is the coefficient multiplying the magnetic field in the entropy current
computed in [34, 35, 60] with only pure gauge anomaly, and κ¯ = κ2piG is the anomalous
parameter used by the authors of [60]. Eqs. (7.36) and (7.38) are satisfied by our solutions
(7.33) and (7.12) as long as one fixes the anomaly parameter λ to zero. However Eq. (7.37)
is satisfied with the gravitational anomaly switched on. So far these constraints are satisfied
except Eq. (7.39), as ξ˜5 is not vanishing in our model even though we fix the anomalous
parameter to vanish.
To check the value we get for ξ˜5 (4.42), we may proceed by using the Kubo formula
formalism. The Kubo formula for ξ˜5 will relate this coefficient to a two point function at
second order in a frequency and momentum expansion. Actually it will appear in the same
correlator as the chiral magnetic conductivity. To do so we can switch on a gauge field
in the y direction Ay = Ay(t, z). In such a situation the Fourier transformed source J (5)µ
reduces to
J (5)x = ωkzAy , (7.40)
so that using the constitutive relation we can read the two point function
〈J xJ y〉 = −iξBkz + σl˜Eωkz , (7.41)
where we have redefined l˜E = ξ˜5/σ for the reason we will explain below. We have checked
that this Kubo formula leads to our result (4.42) for l˜E by using the model of section 2
considered in the probe limit. This is a non trivial check of the non vanishing of ξ˜5. We
leave a detailed analysis of this and other Kubo formulae for a forthcoming paper [69].
In order to understand the discrepancy between this result and the prediction done
by the authors of [60], we can analyze the properties under time reversal of the source
associated to ξ˜5, which reads in the constitutive relations as
Jµ = ξ˜5
µνρλuνDρEλ + . . . . (7.42)
This equation in the local rest frame uµ = (1, 0, 0, 0) looks like
~J = ξ˜5∇× ~E + . . . = −ξ˜5∂
~B
∂t
+ . . . . (7.43)
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The electric field and the operator ∇× are even under time reversal while the current is
odd, in consequence the conductivity ξ˜5 is T −odd. The fact that this transport coefficient
is T −odd tells us that such a source might contribute to the entropy production. For
this reason demanding a non contribution to the production of entropy might not be well
motivated. The situation would be similar as demanding a vanishing contribution from
the usual electric conductivity. One can see also the odd property of ξ˜5 from Eq. (7.41),
as 〈J xJ y〉 is T −even and inverting the time is the same as changing ω → −ω.
We have noticed that the anomalous coefficients associated to sources constructed with
the second derivative of the fields can be naturally factorized as
Λ˜1 = −2ηl˜ω , (7.44)
Λ˜4 = −2ηl˜B , (7.45)
ξ˜5 = σl˜E . (7.46)
These expressions make their dissipative nature clear, and they suggest the existence of
anomalous relaxation lengths in analogy to the relaxation time τpi. These new T −even
quantities write
l˜ω =
2pi
Gp
(
κµ3
48pi2
+ 64µλ
(
3r2+ − 2µ2 −
piTµ2
r+
))
, (7.47)
l˜B =
1
2piGp
(
κµ2
8
+ pi2T 2λ
)
, (7.48)
l˜E = − 8µ¯
pi2T
(κ log 2− 2λ(1 + 2 log 2)) +O(µ¯3) . (7.49)
A last interesting observation comes from the result on the dispersion relation of shear
waves in [60], where they have found that
ω ≈ −i η
4p
k2 ∓ iCk3 + . . . , (7.50)
with C = −Λ˜1/(8p). It would be interesting to generalize the computation of [70] to the
case including the mixed gauge-gravitational anomaly to verify whether the result for C is
C =
η
4p
l˜ω . (7.51)
8. Discussion and conclusions
We have studied the transport properties of a relativistic fluid affected by gauge and mixed
gauge-gravitational anomalies. We have used a holographic bottom up model in 5 dim that
implements both anomalies via gauge and mixed gauge-gravitational Chern-Simons terms.
This model was used in [38] to compute the first order transport coefficients in holography
from Kubo formulae. Within the fluid/gravity approach, in this work we have reproduced
previous results at first order, and extended the computation up to second order in the
hydrodynamical expansion. The computation has been performed in a Weyl covariant
formalism, which allows us for a clear classification of terms contributing to second order.
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We have found all the anomalous and non-anomalous transport coefficients of the
model up to second order, except the ones associated to curvature sources. Most of the
non-anomalous coefficients receive non trivial contributions coming from the anomaly sector
through terms quadratic in the anomaly coefficients κ and λ. There is a set of coefficients
which are not affected by the presence of the anomalies. These are
Tµν = Λ1u
αDασµν + Λ2σ〈µ γσν〉γ + Λ5D〈µDν〉µ¯+ Λ6D〈µµ¯Dν〉µ¯+ Λ7D〈µEν〉 ,
+Λ8E
〈µDν〉µ¯+ Λ9E〈µEν〉 + . . . , (8.1)
Jµ = ξ1σ
µνDν µ¯+ ξ3PµνDασνα + ξ5σµνEν + ξ7uνDνEµ + . . . . (8.2)
In particular Λ1 is usually redefined in term of the relaxation time τpi, in analogy with the
the Israel and Stewart theory, Λ1 = −2ητpi.
On the other hand, we computed the anomalous coefficients which are (C,P ) = (±,−),
i.e. these contributions are linear in κ or λ. These second order transport coefficients are
dissipative unlike the first order ones, and in consequence some of them could contribute
to entropy production. One example of that is the non vanishing value of ξ˜5 (7.49). This
coefficient was previously predicted to be zero by using non production of entropy argu-
ments [60]. It would be interesting to compute within the present model the holographic
entropy current and its divergence to study the contributions of such coefficients to the
entropy production.
We have defined the T −even quantities l˜E , l˜B and l˜ω in analogy with the definition
of τpi. A generalization of the Israel and Stewart theory to hydrodynamics with anomalies
would give us a better physical intuition on these parameters. In particular the authors
of [60] have noticed that the chiral coefficient C (7.50) in the dispersion relation of shear
waves is related to Λ˜1, and in consequence to l˜ω,
ω ≈ −i η
4p
k2
(
1± l˜ωk
)
. (8.3)
The role played by the gravitational anomaly in the chiral vortical effect has shown up
for the first time in the calculations of Kubo formulae involving the two point functions
firstly derived in [71]. It is possible to write new Kubo formulae in terms of two point
functions in order to compute the second order transport coefficients associated to second
derivatives of the background fields. The rest of the transport coefficients at second order
would demand the knowledge of three point functions. The advantage of Kubo formulae
is that they can be used in either field theory or holographic computations. This would
allow to compare the weak and strong coupling regimes of second order coefficients [69].
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A. First order solutions
Here we show the exact form of the Fi[ρ] functions defined in Eqs. (6.10) and (6.12)
F1[ρ] = −Q
((
9Q6ρ2 + 2M2ρ3(−4M + 3(1 +M)ρ)− 27Q4 (1 +M − ρ2)+ 6Q2ρ (4M2 + 3ρ− 6Mρ4)) ρ2 (2 + 5ρ22 + 2ρ42)
8M2ρ6ρ2
(−1 + ρ22) (2 + ρ22)2 (1 + 2ρ22)3
+
−6piQ (−1 + ρ2) (ρ2 − ρ22) (−1 + ρ22)2 (1 + ρ2 + ρ22) (2 + 5ρ22 + 7ρ42 + 5ρ62 + 2ρ82)
8M2ρ6ρ2
(−1 + ρ22) (2 + ρ22)2 (1 + 2ρ22)3
)
−
3
(
Q2 −Mρ2 + ρ6) ρ2 (−2− 3ρ22 + 3ρ62 + 2ρ82)ArcTan
[
ρ√
1+ρ22
]
2Mρ6
(
2 + ρ22
)2 (
1 + 2ρ22
)3 + 3(1 +M)Q
(
Q2 −Mρ2 + ρ6)Log[1 + ρ]
2M (−2 +Q2)2 ρ6
−3Q
(
Q2 −Mρ2 + ρ6) (−1 + ρ2)ρ2 (2 + ρ22)Log[ρ− ρ2]
4ρ6(1 + ρ2)2(1 + (−1 + ρ2)ρ2)
(
1 + 2ρ22
)3 − 3Q
(
Q2 −Mρ2 + ρ6) ρ2(1 + ρ2) (2 + ρ22)Log[ρ+ ρ2]
4ρ6(−1 + ρ2)2
(
1 + ρ2 + ρ22
) (
1 + 2ρ22
)3
+
3Q
(
Q2 −Mρ2 + ρ6) (−2− ρ22 +Mρ42)Log [1 + ρ2 + ρ22]
4Mρ6
(
2 + ρ22
)2 (
1 + 2ρ22
)3 (A.1)
F2[ρ] =
2
√
3κρ62
(
1 + 3ρ22 + 2ρ
4
2
)2
Qρ6
(
1 + 2ρ22
)2 (
Q2 + ρ62
) − 2√3λ(12Mρ62 (1 + 3ρ22 + 2ρ42)2 − 2Q2ρ2ρ22 (1 + 3ρ22 + 3ρ42 + 2ρ62)2
Qρ10
(
1 + 2ρ22
)2 (
Q2 + ρ62
)
+
+6ρ6
(
Q2 + ρ62
)2 (
1 + 3ρ22 + 4ρ
4
2 + 2ρ
6
2
)
+ 4M2ρ8ρ22
(
2 + 7ρ22 + 9ρ
4
2 + 4ρ
6
2 + 2ρ
8
2
)
Qρ10
(
1 + 2ρ22
)2 (
Q2 + ρ62
)
+
−2ρ4ρ22
(
4 +Q2
(
28 +Q2
(
60 +
(
43 + 34Q2
)
ρ22
(
1 + ρ22
))))
Qρ10
(
1 + 2ρ22
)2 (
Q2 + ρ62
) )+ 32√3M2λ (Q2 −Mρ2 + ρ6)Log[ρ]
Q3ρ6
−8
√
3Qλ
(
Q2 −Mρ2 + ρ6) (2 + 12ρ22 + 27ρ42 + 35ρ62 + 27ρ82 + 12ρ102 + 2ρ122 )Log[ρ− ρ2]
ρ6ρ42
(
1 + 2ρ22
)3
−8
√
3Qλ
(
Q2 −Mρ2 + ρ6) (2 + 12ρ22 + 27ρ42 + 35ρ62 + 27ρ82 + 12ρ102 + 2ρ122 )Log[ρ+ ρ2]
ρ6ρ42
(
1 + 2ρ22
)3
+
8
√
3λ
(
Q2 −Mρ2 + ρ6) ρ2 (−1− 3ρ22 − 6ρ42 − 7ρ62 − 3ρ82 + 2ρ122 )Log [1 + ρ2 + ρ22]
ρ6
(
1 + ρ22
)3/2 (
1 + 2ρ22
)3 (A.2)
F3[ρ] =
√
3
9Q5 + 2MQρ4
(
−M + 2ρ (1 + 2ρ22)2)
8M2ρ6
(
1 + 2ρ22
)2
−
(
ρ2 + ρ32
) (
3MQρ2ρ2
(
2 + ρ22
)− 2pi (−1 + ρ2) (ρ2 − ρ22) (1 + ρ2 + ρ22) (1 + 4ρ22 + 6ρ42 + 5ρ62 + 2ρ82))
8M2ρ6
(
2 + ρ22
) (
1 + 2ρ22
)2
)
√
3
(
Q2 −Mρ2 + ρ6) ρ2 (1 + ρ22)2 ArcTan
[
ρ√
1+ρ22
]
2Mρ6
(
2 + 5ρ22 + 2ρ
4
2
) + √3Q (Q2 −Mρ2 + ρ6)Log[1 + ρ]
2ρ6
(−2− ρ22 + 2ρ62 + ρ82)
+
√
3Q
(
Q2 −Mρ2 + ρ6) ρ22(4 + ρ2(−1 + 4ρ2))Log[ρ− ρ2]
4ρ6
(
1 + 2ρ22
)3 (
1 + ρ32
) − √3Q (Q2 −Mρ2 + ρ6) ρ22 (4 + ρ2 + 4ρ22)Log[ρ+ ρ2]
4ρ6
(
1 + 2ρ22
)3 (−1 + ρ32)
+
√
3Q3
(
Q2 −Mρ2 + ρ6) (−1 + ρ22)2 Log [1 + ρ2 + ρ22]
4ρ6ρ22
(
1 + 2ρ22
)3 (
2 + 3ρ22 + 3ρ
4
2 + ρ
6
2
) (A.3)
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F4[ρ] =
κ
(
+9Q4ρ2 − 3MQ2ρ4 + 6MQ2ρ6)
Mρ8
(
1 + 2ρ22
)2 − λ
(
−120Q2ρ2 − 180Q4ρ2 + 18MQ4ρ4 + 72MQ2ρ6
Mρ8
(
1 + 2ρ22
)2
+
+2Q6ρ2
(−67 + 6ρ4)+ 4(−5ρ2 + 3ρ6 + 6 (ρ2 + 2ρ32)2 (1 + 2ρ22 + 2ρ42 + ρ62))
Mρ8
(
1 + 2ρ22
)2

+
24Mλ
(
Q2 −Mρ2 + ρ6)Log[ρ]
Q2ρ6
+
6Q2κf [ρ]Log[ρ− ρ2](
1 + 2ρ22
)3 − 12λf [ρ]
(
1 + ρ22
) (
1 + 5ρ22 + 9ρ
4
2 + 5ρ
6
2 + ρ
8
2
)
Log[ρ− ρ2]
ρ22
(
1 + 2ρ22
)3
+
6κf [ρ]Q2Log[ρ+ ρ2](
1 + 2ρ22
)3 − 12λf [ρ]Q2
(
1 + 5ρ22 + 9ρ
4
2 + 5ρ
6
2 + ρ
8
2
)
Log[ρ+ ρ2]
ρ42
(
1 + 2ρ22
)3
−6Q
2κf [ρ]Log
[
1 + ρ2 + ρ22
](
1 + 2ρ22
)3 + 12λf [ρ]ρ22
(
1 + 2ρ22 − ρ62 + ρ82
)
Log
[
1 + ρ2 + ρ22
](
1 + ρ22
) (
1 + 2ρ22
)3 (A.4)
F6[ρ] =
√
3Q
(
3Qρ2
(
2 + 5ρ22 + 2ρ
4
2
) (−8M2ρ+ 9(1 +M)ρ22 + 9(1 +M)ρ42)
8M2ρ2ρ2
(−1 + ρ22) (2 + ρ22)2 (1 + 2ρ22)3
+
2pi
(
3Q2 − 2Mρ2) (−1 + ρ22)2 (2 + 5ρ22 + 7ρ42 + 5ρ62 + 2ρ82)
8M2ρ2ρ2
(−1 + ρ22) (2 + ρ22)2 (1 + 2ρ22)3
)
+
√
3
(−3Q2 + 2Mρ2) (−2− 3ρ22 + 3ρ62 + 2ρ82)ArcTan
[
ρ√
1+ρ22
]
2Mρ2
√
1 + ρ22
(
2 + ρ22
)2 (
1 + 2ρ22
)3 +
√
3(1 +M)
(
3Q2 − 2Mρ2)Log[1 + ρ]
2M (−2 +Q2)2 ρ2
+
√
3
(−3Q2 + 2Mρ2) (−1 + ρ2)ρ2 (2 + ρ22)Log[ρ− ρ2]
4ρ2(1 + ρ2)2(1 + (−1 + ρ2)ρ2)
(
1 + 2ρ22
)3 +
√
3
(−3Q2 + 2Mρ2) ρ2(1 + ρ2) (2 + ρ22)Log[ρ+ ρ2]
4ρ2(−1 + ρ2)2
(
1 + ρ2 + ρ22
) (
1 + 2ρ22
)3
+
√
3
(
3Q2 − 2Mρ2) (−2− ρ22 + ρ42 + ρ62 + ρ82)Log [1 + ρ2 + ρ22]
4Mρ2
(
2 + ρ22
)2 (
1 + 2ρ22
)3 (A.5)
F7[ρ] =
6κρ42
(
1 + 3ρ22 + 2ρ
4
2
)2
Mρ2
(
1 + ρ22
) (
ρ2 + 2ρ32
)2 + λ
4Q4 (120 + 77Q2 + 86Q4) ρ4 − 4
(
−8ρ4 + 9Mρ42
(
1 + 3ρ22 + 2ρ
4
2
)2)
Mρ6
(
1 + ρ22
) (
ρ2 + 2ρ32
)2
−
+8Q2ρ2
(
−28ρ2 + 3 (1 + 3ρ22 + 3ρ42 + 2ρ62)2)
Mρ6
(
1 + ρ22
) (
ρ2 + 2ρ32
)2
+ 32M2λ (3Q2 − 2Mρ2)Log[ρ]
Q4ρ2
−8λ
(
3Q2 − 2Mρ2) (2 + 12ρ22 + 27ρ42 + 35ρ62 + 27ρ82 + 12ρ102 + 2ρ122 )Log[ρ− ρ2]
ρ2ρ42
(
1 + 2ρ22
)3
−8λ
(
3Q2 − 2Mρ2) (2 + 12ρ22 + 27ρ42 + 35ρ62 + 27ρ82 + 12ρ102 + 2ρ122 )Log[ρ+ ρ2]
ρ2ρ42
(
1 + 2ρ22
)3
−8λ
(−3Q2 + 2Mρ2) (−1− 3ρ22 − 6ρ42 − 7ρ62 − 3ρ82 + 2ρ122 )Log [1 + ρ2 + ρ22]
ρ2
(
1 + ρ22
)2 (
1 + 2ρ22
)3 (A.6)
F8[ρ] =
(
1 + ρ22
) (
27ρ52
(
1 + ρ22
) (
2 + ρ22
)
+ 2piQ
(−3Q2 + 2Mρ2) (1 + 3ρ22 + 3ρ42 + 2ρ62))
8M2ρ2ρ2
(
2 + ρ22
) (
1 + 2ρ22
)2
+
Q3
(
3Q2 − 2Mρ2)ArcTan[ ρ√
1+ρ22
]
2ρ2ρ32
(
2 + 7ρ22 + 9ρ
4
2 + 7ρ
6
2 + 2ρ
8
2
) + (3Q2 − 2Mρ2)Log[1 + ρ]
2ρ2
(−2− ρ22 + 2ρ62 + ρ82)
+
(
3Q2 − 2Mρ2) ρ22(4 + ρ2(−1 + 4ρ2))Log[ρ− ρ2]
4ρ2
(
1 + 2ρ22
)3 (
1 + ρ32
) + (−3Q2 + 2Mρ2) ρ22 (4 + ρ2 + 4ρ22)Log[ρ+ ρ2]
4ρ2
(
1 + 2ρ22
)3 (−1 + ρ32)(
3Q2 − 2Mρ2) (−1 + ρ22)2 (1 + ρ22)Log [1 + ρ2 + ρ22]
4Mρ2
(
2 + ρ22
) (
1 + 2ρ22
)3 (A.7)
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F9[ρ] =
9
√
3Q3κρ22
ρ2
(
1 + 2ρ22
)2 (
Q2 + ρ62
) + 2
√
3λρ22
((
4 + 24Q2 + 36Q4 + 43Q6
)
ρ2 − 6 (ρ2 + 2ρ32)2 (1 + 2ρ22 + 2ρ42 + ρ62))
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1 + 2ρ22
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Q2 + ρ62
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+
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√
3Qκ
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1 + 2ρ22
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√
3Qλ
(
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3Q2 − 2Mρ2) (1 + 5ρ22 + 9ρ42 + 5ρ62 + ρ82)Log[ρ+ ρ2]
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B. Second Order Sources
In this appendix we show the second order sources in the vector and tensor sector. The
are splitted in terms of the anomalous and non anomalous ones.
B.1 Second Order Vector Sources
In the vector sector the sources are organized as follow
Jµ =
10∑
a=1
r(E)a J (a)µ +
5∑
a=1
r˜(E)a J˜ (a)µ , Aµ =
10∑
a=1
r(M)a J (a)µ +
5∑
a=1
r˜(M)a J˜ (a)µ , (B.1)
where the tildes refer to the anomalous sector. The sources write:
B.1.1 Non-anomalous vector sources
r
3
+r
(E)
1 =
2piQT2(−1 + ρ)2
(
−ρ2(1 + ρ(2 + 3ρ)) +Q2(3 + 2ρ(3 + 2ρ(2 + ρ)))
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√
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4piT2(−1 + ρ)
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, (B.2)
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B.1.2 Anomalous vector sources
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B.2 Second Order Tensorial Sources
In the tensor sector the sources are also splitted in terms of the anomalous and non anoma-
lous, the tildes refer to the anomalous sector
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B.2.2 Anomalous tensorial sources
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C. Transport coefficients at second order
In this appendix we will write the expressions for transport coefficients up to second order.
C.1 Vector sector
The solutions for the non anomalous coefficients ξ1 , . . . , ξ10 as written in (7.1)-(7.10), are
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given in terms of functions ξi,(0,κ2,κλ,λ2) whose expressions are
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,
and for the anomalous coefficients ξ˜1 , . . . , ξ˜5, (7.11)-(7.15), one has functions ξ˜i,(κ,λ) that
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C.2 Tensor sector
In this sector the non anomalous coefficients Λ1 , . . . ,Λ12 written in (7.16)-(7.27) and the
anomalous ones Λ˜1 , . . . , Λ˜8 (7.28)-(7.35), are given in terms of functions Λi,(0,κ2,κλ,λ2) and
Λi,(κ,λ) respectively. The expressions for these functions are in general very complicated,
and we present here the result as an expansion at footnotesize ρ2 up to order O(ρ62), which
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is equivalent to order O(µ¯6). For the non anomalous coefficients we get
Λ4,λ2(ρ2) =
64
15piG
(
(−4 + 15 log 2)− 1
16
(557 + 840 log 2)ρ22 − 3
112
(2789− 9660 log 2)ρ42 +O(ρ62)
)
,
(C.25)
Λ6,0(ρ2) =
1
384pi3G
(
2(47− 66 log 2)ρ22 − 4(1− 3 log 2)− 3(89− 101 log 2)ρ42 +O(ρ62)
)
, (C.26)
Λ8,0(ρ2) = − 1
128pi2G
(
4 + 2(1− 14 log 2)ρ22 − (137− 224 log 2)ρ42 +O(ρ62)
)
, (C.27)
Λ9,0(ρ2) =
1
768piG
(
8(11 + 3 log 2) + 12(7− 8 log 2)ρ22 − 3(91− 226 log 2)ρ42 +O(ρ62)
)
, (C.28)
Λ10,κ2(ρ2) =
1
2piG
(
− 12(1− 2 log 2)ρ22 + 3(25− 36 log 2)ρ42 +O(ρ62)
)
, (C.29)
Λ10,κλ(ρ2) =
1
2piG
(
8(5− 12 log 2)ρ22 − 3(91− 144 log 2)ρ42 +O(ρ62)
)
, (C.30)
Λ10,λ2(ρ2) =
1
5piG
(
− 90 + 4(29 + 60 log 2)ρ22 + (617− 1080 log 2)ρ42 +O(ρ62)
)
, (C.31)
Λ12,κλ(ρ2) =
2
5
√
3piG
(
20(−5 + 12 log 2)ρ2 + 5(71− 192 log 2)ρ32 − (2713− 3930 log 2)ρ52 +O(ρ72)
)
, (C.32)
Λ12,λ2(ρ2) =
2
35
√
3piG
(
− 56(29 + 60 log 2)ρ2 + 840(1 + 16 log 2)ρ32 + (37403− 51660 log 2)ρ52 +O(ρ72)
)
,
(C.33)
and for the anomalous coefficients
Λ˜2,λ(ρ2) =
1
12pi2G
(
− 24(1− log 2) + 4(26− 45 log 2)ρ22 − (527− 822 log 2)ρ42 +O(ρ62)
)
, (C.34)
Λ˜5,κ(ρ2) =
√
3
32pi2G
(
− 8(1− 2 log 2)ρ2 + 16(5− 4 log 2)ρ32 − (389− 566 log 2)ρ52 +O(ρ72)
)
, (C.35)
Λ˜5,λ(ρ2) =
√
3
48pi2G
(
− 24(1 + 2 log 2)ρ2 − 8(17− 48 log 2)ρ32 + 3(379− 550 log 2)ρ52 +O(ρ72)
)
, (C.36)
Λ˜6,κ(ρ2) =
√
3
16piG
(
− 8(log 2)ρ2 − 12(2− 5 log 2)ρ32 + (174− 257 log 2)ρ52 +O(ρ72)
)
, (C.37)
Λ˜6,λ(ρ2) =
√
3
48piG
(
24(5 + 2 log 2)ρ2 − 4(23 + 90 log 2)ρ32 − (991− 1494 log 2)ρ52 +O(ρ72)
)
, (C.38)
Λ˜8,λ(ρ2) =
1
12piG
(
− 24 log 2 + 4(25 + 42 log 2)ρ22 + (199− 750 log 2)ρ42 +O(ρ62)
)
. (C.39)
Note that in some cases the order O(ρ62) vanishes, so that the corresponding expressions
are valid up to O(ρ72).
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